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The effect of inlet boundary conditions on the tronsient approach to  the asymptotic Taylor- 
Aris theory was studied for three different cases. It was found that for values of t of practical 
interest the solutions for these cases were different only i f  NP, < 100. The asymptotic solution 
was independent of inlet conditions in the three cases studied once t exceeded the necessary 
minima. 

A rather complete numerical solution to the equation that describes laminar flow in tubes 
with a single continuous stagnant pocket of arbitrary depth along the entire length of the 
pore has been obtained, and results for point, average, and bulk concentration distributions are 
presented for a wide range of parameters. The range of applicability is extended to infinity for 
bath t and Npe by the asymptotic theory of Aris. 

Higher capacitance systems require longer times before their dispersion behavior can be 
described by error-function solutions. This is important, since only then is the concept of an 
equivalent axial dispersion coefficient useful because then it allows the calculation of the 
complete average concentration distribution from a minimum of data. This suggests that in 
work on high capacitance systems such as packed beds, one should ensure that experimental 
systems are long enough for the asymptotic theory to apply if results are to be interpreted in 
terms of dispersion coefficients. 

Numerical results for the Turner model agree very well with the modified effective dispersion 
coefficient, which was suggested by Aris ond is given in Equation (15), as long as T i s  sufficiently 
large. These lower limits for T are given in Table 3. When the lower limits on t are exceeded, 
the new solution developed for the point distribution given by Equations (31) and (32) is also 
valid. This is important for a t  least two reasons. First, it implies that the dispersion model 
can be used to describe the local as well as the average behavior of complex tronsient systems 
if only the velocity distribution across the system i s  known. More work is needed to ascertain 
the limitations and possibilities of the dispersion model in this regard. Second, it shows that 
one can find simple and accurate approximate local solutions without neglecting axial molecular 
diffusion. 

In Part I" of this series (1) unsteady laminar miscible 
dispersion in simple capillaries was studied for a step 
change in concentration at the inlet boundary. It was 
shown, with natural convection assumed to be negligible, 
that the Taylor-Aris theory is valid when the single re- 
striction of sufficiently large dimensionless time T is met. 
The present paper extends previous results to include the 
effects of various inlet boundary conditions and of system 
capacitance. Part I11 will describe a comprehensive ex- 
perimental program on dispersion in horizontal tubes. 

Porous media consist of extremely small and geometri- 
cally complex capillaries of various len ths which are dis- 

analysis which would consider all of the factors that af- 
fect mass transfer in a porous medium is almost impossi- 

tributed in a more or less random fas fll 'on. A theoretical 
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0 The right-hand side of Equation (47) in Part I should be zero. Thus 
the paragraph of discussion on page 1070 related to Equation (51) 1s 
not relevant to the dispersion problem and should be disregarded. 

bla to develop with the present state of knowledge. There- 
fore, to analyze theoretically the complex phenomenon of 
miscible dispersion, man investigators emphasized a few 

models which neglected or minimized other effects. Since 
the elementary mechanisms which constitute the overall 
dispersion process are assumed ta be described by linear 
laws, it follows that each of these mechanisms can be 
studied independently and then the overall process can 
be described by the superposition of the individual ele- 
mentary effects. 

A model which describes one elementary mechanism, 
the capacitance effect, has been suggested by Turner 
(9). This model emphasizes the large capacitance effects 
present in porous media due to the existence of torturous 
bends and dead-end spaces along the flow paths. Turner 
pictures the porous medium as consisting of main chan- 
nels of pores which have a uniform cross-sectional shape 
and area, through which the fluid flows. Communicating 
with the main channel are dead-end stagnant pockets 
which are distributed uniformly along the length of the 

specific effects and wor l ed on physical or mathematical 
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pores. There is no bulk flow in or out of these pockets 
and the only mechanism for mass transfer in these pockets 
is molecular diffusion. However, in the main channel mass 
transfer is due to both diffusion and convection. 

This model, assumed to be a reasonably adequate 
representation of at least one of the main effects occurring 
in actual porous media, provides a simple physical pic- 
ture of the geometry involved, which reduces to an ordi- 
nary tube when the capacitance is zero. But even with 
this simplified model, the mathematics which results when 
one attempts to describe the diffusional phenomena in 
detail can still be quite complicated. 

Turner assumed an effective Taylor diffusion coefficient 
and derived equations which described the response of 
this model to a sinusoidal concentration input. He made 
no attempt to justify these equations as related to the 
equations of change, but showed that they could be used 
with experimental data to determine the distribution of 
volumes and depths of pockets. In this way he character- 
ized the flow structure by determining the residence time 
distribution for flow in porous media. 

In a later paper Turner (10) described experiments in 
which he measured the response of a physical model to a 
sinusoidal concentration input. With these data and the 
equations from his previous analysis, he was able to cal- 
culate the ratio of stagnant pocket volume to channel vol- 
ume. The ratio of these volumes calculated from the ex- 
perimental concentration-time data agreed reasonably 
well with the actual volume ratio in his apparatus. 

Aris ( 3 )  generalized Turner’s model by allowing the 
stagnant pockets to have all possible depths. He also 
showed how the mass transfer in thiS medium could be af- 
fected by the distribution of pockets. In a later paper, by 
considering the diffusional structure, Aris (4 ,  5 )  showed 
that Turner’s assumption regarding the magnitude of the 
effective Taylor diffusion coefficient needed to be modi- 
fied. He indicated that actual values of the coefficient 
could be anywhere from one to eleven times the value 
that Turner used. The low value occurs when there are 
no pockets and the high value occurs when the ratio of 
the pocket volume to pore volume becomes infinite. Ac- 
tually, the upperbound depends on geometry, and if the 
pockets are concentric annuli the ratio of dispersion co- 
efficients is unbounded; that is, 01 + w. 

The extent to which inlet boundary conditions influence 
transient dispersion problems in general has not yet been 
established. If it is to be of practical value, the Taylor- 
Aris theory, which is asymptotic for large T, must be in- 
dependent of the inlet boundary condition. It appears that 
this is not universally the case, since Philip’s study (7) 
of the steady state periodic problem indicates that peri- 
odic systems are characterized by a complex dispersion 
coefficient. Consequently, the present study will investi- 
gate several aperiodic boundary conditions which are sig- 
nificantly different from each other and will determine 
how large T must be for the Taylor-Aris theory to apply. 

One seemingly useful method of classifying a disper- 
sion system is according to the nature of the asymptotic 
solution for large values of time associated with it. In this 
context, three different cIasses of systems seem to exist: 

1. Systems characterized by steady state, time-inde- 
pendent, asymptotic solutions which are generated by in- 
ternal source or sink effects or by externally supported in- 
terphase transport. 

2. Steady state periodic solutions which reflect the na- 
ture of the input forcing function. 
3. Taylor types of solutions which are generated physi- 

cally only by internal diffusion and convection processes. 
Asymptotic solutions for this class of problems appear to 
be much newer than those in classes 1 and 2. 

The present work considers Turner’s model, and the 
purposes of this work are 

1. To investigate the importance of the inlet boundary 
condition used in posing the dispersion problem insofar 
as it affects: (a) local mass transfer in capillary flows dur- 
ing the dimensionless time interval before the diffusion 
model is valid, and (b )  the magnitude of T necessary for 
the Taylor-Aris theory to apply in capillary flows, 

2. To analyze the effect of system capacitance in the 
sense of l a  and lb.  

3. To study the effect of Peclet number on the local 
behavior of systems with various inlet boundary condi- 
tions and with Turner type of capacitance, 

4. To study the influence of system capacitance on the 
dispersion coefficient to establish quantitative criteria for 
the accuracy of Aris’ theory of Turner structures, 

5. To extend the Taylor-Aris theory to Turner types of 
systems by determining and testing new solutions to the 
diffusion equation for point concentrations and to specif 
the magnitudes of T above which the solutions are va l i i  

MATHEMATICAL DESCRIPTION OF THE MODEL 

A schematic representation of the Turner model is given 
in Figure la. This problem appears to consist of two re- 
gions; thus it is the usual practice to write continuity 
equations for both the main channel and the pockets and 
then to solve these two differential equations simultane- 
ously by using the boundary conditions at the interface 
between the moving and stagnant fluids. This approach is 
complicated, but a significant simplification results if one 
recognizes that the main channel and pores can be con- 
sidered a single region if the velocity distribution is chosen 
properly. Then one can analyze the problem by using an 
approach similar to that employed by the authors in Part 
I of this series. 

In order to simplify this model slightly, it was decided 
to use a single continuous stagnant pocket of arbitrar 

lustrates this system schematically. This was done only 
for convenience, since the finite-diff erence method used 
to solve this system can also be used to solve the Turner 
model with a series of stagnant pockts of varying cross 
sections and various depths along the length of the pore. 
However this involves more parameters and is therefore 
more tedious. Furthermore, the continuous pocket model 
is sufficient to establish reasonably general criteria for the 
validity of Aris’ theory. 

The differential equation and the boundary conditions 
describing this system are given as 

depth along the entire length of the pore. Figure l b  i r - 

u=AVG.VEL. I I - O b  , 
CENTER LINE 

Fig. la. Schematic diagram of Turner‘s model. 

u=AVG. V E L  
__f 

CENTER LINE 

Fig. lb. Schematic diagram of Turner’s model 
with continuous stagnant pocket. 
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d2C+ 1 dC+ ac+ ac+ 
ar2 +--)=, r ar + U - -  ax 

(1) 
and the velocity u is given as 

The boundary and initial conditions are 

I C+ (0, x, r )  = 0, x > 0 
C+( t , -w , r )=C+m( t , r ) ,  O l r l a  

ac + 

ax 
- ( t , O , r )  = 0 ,  a'r'b 

C + ( t ,  co,r) = 0 I 
ac + - ( t , x , O )  = 0 
ar 
ac + - (t. X, b )  = O 
ar 

(3)  

ac + 

ax 
The condition - (t,  0, r) = 0, for a 4 r 6 b is used, 

since it is assumed that material can enter or leave the 
system only in the region where a finite velocity exists. 

In order to make this system dimensionless, the follow- 
ing transformations can be used: 

X auo tuo 

Npea D U N P e  
X = - .  , N p , = - ;  T=- 

(4) 
r C+ 

C+ 
y=- ;  c=-  X 

r) = -* 
m 

v;' U 

By introducing these transformations, if C,' is a constant, 
the system reduces to 

171 

aT 

( 5 )  
a2c 1 ac 1 a2c -- - +--+A- 
a92 y ay 7Npe2 a+ 

with the conditions 

To determine the importance of inlet boundary condi- 
tions, the following cases were investigated: 

A. Step change in inlet concentration for T > 0, 
C(T, 0, y) = 1. This condition applies best to situations 
where the feed section supplied material to the inlet as a 
well-mixed tank would do. 

B. C(T,- co, y) = 1. This condition is exact where, 
say, two identical infinitely long capillaries, one with unit 
and the other with zero concentration, are initially sepa- 
rated by a partition. Then flow is started and the partition 
is removed simultaneously. 

C. As an approximation to case B, one can employ 
Danckwerts' boundary condition at the inlet as 

ac + 

D-+u(C+,-C+) = O  at x = O  
ax 

which, when put in dimensionless form, results in 

Wehner and Wilhelm (9) discussed the applicability of 
this inlet condition for steady state systems. 

System A has been discussed in detail for tubes in Part 
I of this series and requires fairly minor changes for 
Turner's model. Systems B and C are treated in similar 
fashion but the condition at the entrance varies with 
time. In case B the finite-difference solution is carried out 
by having initially a block of unit concentration up to the 
entrance and the remaining portion of the system is kept 
at zero concentration. This is shown in Figure 2. Com- 
putations are then carried out in the usual manner for 
the entire tube starting from x = -a. The concentration 
at x = -a is fixed at unity in all the calculations. When 
back diffusion causes the concentration near x = -a to 
change so that the condition of C = 1.0 at x = -U is no 

Fig. 2. Illustration of inlet boundary condition 
for case B. 

C(O,?,Y) = o  1)>0 
dC 

a7 

longer valid, the region of unit concentration is extended 
backward from the entrance and the procedure is re- 
peated. In this manner concentration distributions were 

The treatment of case C is exactly the same as A, ex- 
cept for the condition at x = 0. Details of the finite-dif- 
ference method for solving case A were given previously 
(1) and extension to cases B and C is rather straightfor- 
ward. 

C(T,-W,y) =I, o'y'l; -( 'T,o,y) = o ,  
b 
U 

1 L y - ( 6 )  obtained for rather wide ranges of N p e  and T. 

c(7, 00, y) = 0 

dC b -( aY T,.,,) = 0 

DISCUSSION OF RESULTS FOR DIFFERENT ENTRANCE 
CONDITIONS IN A CAPILLARY TUBE MODEL 

This system applies for all y's where Complete sets of results have been obtained here for 
both cases B and C for various Peclet numbers, and results 
for case A are available from Part I. Four Peclet numbers 
were studied to determine the magnitude of differences 
in the concentration distributions obtained with the three 
different cases and to establish whether all systems behave 
in an identical manner asymptotically. Peclet numbers > 
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1,000 were used for the high N P e  region, while in the 
lower region, Npe  = 25, 10, and 1 were studied. 

Figure 3 is a plot of average concentration of the solute 
as a function of dimensionless axial distance X / T  for T = 
0.006. It  is clear that even at this very low value of r 
all three inlet conditions give the same average concentra- 
tion distribution. This obviously should occur since at 
high Peclet numbers, Equation (8) reduces to the step 
change condition. Since the results are identical at T = 
0.006, they also will be the same at higher I values and 
it can be concluded that for the high Peclet number re- 
gion the solution to the dispersion equation is independent 
of the entrance conditions used, at all times of practical 
interest. Figures 4 and 5 represent the average concen- 
tration distribution plots, for a Peclet number of 10, where 
the effect of axial molecular diffusion is significant as was 
found to be true for all N p e  < 100. Similar data have 
been computed for N p ,  = 25, 1 . O  

It can be seen from these results that the distributions 
obtained from the three inlet conditions are quite differ- 
ent at lower values of T .  However, as T increases the three 
solutions eventually become identical. For Peclet num- 
bers of 25 and 10 the limiting values of T above which 
the concentration distributions ‘are independent of the en- 
trance condition are a proximately equal to 7 = 0.600, 

come identical at smaller T as one would expect, since 
1.750. Solutions with t x e use of conditions B and C, be- 

0 Several additional figures of plotted data have been de osited as 
document 8997 with the American Documentation Institute, Pxotodupli- 
cation Service Library of Congress, Washington 25, D. C., and may be 
obtained for $10.00 for photoprmts or $3.50 for 35-mm. microfilm. 

99.99 
SOLUTION TO LAMINAR 
DISPERSION EQUATION 
FOR PECLET, Pe= 2000 
DIMENSIONLESS TIME, T =  0.006 

STEP CHANGE 

0.01 O l I r L t r  0 0.2 0.4 0.6 0.8 I 

Y ,. 

Y 

I .2 
X/T= DIMENSIONLESS AXIAL DISTANCE/CMENSIWLESS TIME 

Fig. 3. Comparison of numerical results for different entrance condi- 
tions for Np, = 2,000 and p = 1.0. 

they are identical conditions in the steady state case. For 
several N p ,  Table 1 compares the limiting T values above 
which the concentration distributions for the various inlet 
conditions are the same. 

From the results obtained it can be seen that the solu- 
tions are more sensitive to inlet conditions at lower Peclet 
numbers and lower values of T .  It is known that for suffi- 
ciently short times, axial molecular diffusion predominates 
over convection, and this can be seen in Figures 4 and 5 
from the fact that solute extends beyond X / T  = 1.0. As 
dimensionless time increases, dispersion by convection 
becomes more significant and at a sufficiently large T ,  re- 
gardless of NPe, the two mechanisms create the dispersion 
in accordance with Aris’ theory. This is seen in Figure 5, 
where the distance, in terms of X / T  at which solute exists, 
attenuates with increasing T .  It is interesting to note that 
in all cases investigated, after sufficient time has elapsed 
for the solute to be contained in the region 1 1. X / T ,  the 
solutions for cases A, B, and C are, for practical pur- 
poses, identical. An estimate of the value of time, T ,  neces- 
sary for this to occur, for Npe 5 25, can be obtained from 
Table 1. The results for N p ,  also can be viewed as corre- 
sponding to the pure diffusion case with a convective 
perturbation. 

A significantly different property of case B solutions at 
low N p ,  is that they pass through the point ( X / T  = 0.5, 
C, = 0.5) and are nearly straight lines on probability 
plots at much smaller dimensionless times than the other 
cases. This behavior is important since it decreases the 
values of T necessary for the Taylor-Aris theory to be 
valid and therefore extends the range of applicability of 

.5 
X/r = DMNSIONLESS AXIAL DISTANCE/DIMENSIONLESS TIME 

Fig. 4. Comparison of numerical results for different entrance condi- 
tions with N p e  = 10 and p = 1.0. 
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t DIMENSIONLESS AXIAL DISTANCE X l r  

’ ‘ S O L ~ T I O N T O L A ~ I N A ~  I ’ 
DISPERSION EQUATION 

DIMENSIONLESS TIME,r=Q300,1.00 
FOR PECLET NUMBER, N,=IO 9’9bw -STEP CHANGE (CASE A) 

Fig. 5. Comparison of numerical results for different entrance condi- 
tions with Np, number = 10, the ratio of the radii p = 1.0, and 
for dimensionless times ‘G = 0.300 and 1.000. Note that results of 
cases B and C agree with each other for both ‘t used, whereas case 

A differs in each case. 

the dispersion model. For example, the results in Table 1 
show for N p e  = 10 and 1 that case B requires minimum 
dimensionless times of about 0.5 and 4.5, and in case A 
1.75 and > 20, respectively. This implies that experi- 
ments at  low Npe can be affected by inlet conditions, 
which may be particularly important in high capacitance 
porous media as will be discussed later in conjunction with 
Turner model results. 

TABLE 1. CAPILLARY MOD= 

p = 1.0; approximate values above which: 
( i)  
(ii) 

(iii) 
(iv) 

solution follows Aris’ modification for case A 
solutions for cases B and C are same 
solutions for cases A, B, and C are same 
solution for case B follows Aris’ modification 

N P e  Tmin for ( i )  rmin for ( i i )  Tmin for (i i i)  Tmin for ( iv)  

1,000 0.800 0.0 0.0 0.800 
25 1.25 0.050 0.600 1.250 
10 1.75 0.400 1.750 0.500 
1 >20.0 >4.500 >4.500 about 4.500 

TURNER MODEL RESULTS 

The analysis of the Turner model problem described 
by Equations ( 5 ) ,  (6) ,  and (7) uses a modified version 
of the same technique described in Part I of this series 

( 1 ) .  The main difference lies in the fact that, instead of 
having the parabolic velocity profile throughout the entire 
tube, it now exists only in the main channel while in the 
stagnant phase, the velocity is zero. Second, instead of 
applying over the entire radius, the entrance conditions 
A, B, and C, now apply only in the main channel, while 
in the capacitance section a zero axial gradient condition 
is appropriate. Details of the Peaceman-Rachford (6) 
finite-difference method of solving this system are re- 
ported elsewhere.* 

The problem posed here for Turner systems involves 
three independent variables (7 ,  T, y) and three parame- 
ters ( p ,  Npe,  IBC), if one includes the effect of different 
inlet boundary conditions (IBC) . Since the complete de- 
termination of solutions for a single set of values of the 
parameters involves considerable computation, it is clear 
that the computation job would be horrendous unless one 
limits markedly both the number of combinations of pa- 
rameter values and the magnitudes of the independent 
variables studied. Thus it is of great importance that the 
solutions are identical for all high N P e ,  and that Aris’ 
theory extends the results to infinite T .  

Solutions have been obtained for different main chan- 
nel inlet conditions, cases A, B, and C for all combina- 
tions of the other parameters studied, and detailed results 
have been computed for Peclet numbers equal to 1,000, 
25, 10, and 1.t In order to determine when the effect of 
axial diffusion is significant, concentration distributions 
have been obtained for very small T for N p e  = 500, 100, 
75, and 50. It was found for values of r of practical in- 
terest that axial molecular diffusion contributes negligibly 
for Npe > 100 and that the solutions are identical to 
those of N p ,  = 1,000. However, axial diffusion does be- 
come very significant as the Peclet number decreases from 
100 to 1. 

In order to study the effect of the ratio of main chan- 
nel to stagnant phase volume on the dispersion process 
complete sets of results have been obtained at a high 
Peclet number of 1,000 for values of the ratio, b /a  = p, 
equal 1.0, 1.1, 1.2, 1.3, 2.0.t It  is worthwhile to note at 
this point that p = 1.0 is simply the Taylor problem 
(tube flow with no capacitance). However, low Peclet 
number results have been obtained only for p = 1.0, 1.2, 
since this serves to illustrate adequately the N P ,  effect in 
systems with capacitance. 

The High Peclet Number Region 

First, the high Npe region for Turner types of systems 
will be considered and the concentration distribution valid 
for all values of 7 will be discussed. As in the case of the 
Taylor problem, it was found that concentration distribu- 
tions are independent of entrance conditions for high 
Peclet numbers. Figures 6 and 7 represent plots of aver- 
age concentration of solute over the entire tube, includ- 
ing the stagnant region, as a function of dimensionless 
axial distance X / r  for various T values and Np,  = 1,000. 
In each figure data are plotted for the four values of p 
investigated along with p = 1.0, for comparison. 

At short times, say, 7 = 0.006, dispersion in the main 
channel takes place by pure convection only. This was 
found by plotting on a linear scale the curve of C,n VS. 

X / T  as a straight line, which is the pure convection solu- 
tion (1 - X/r). At higher times radial dispersion be- 

* The details of the mathematical analysis are available elsewhere. 
See footnote on page 909. 

+ All the numerical results obtained have been tabulated in terms of 
average and bulk concentration distribution for the enhre range of T 
and N P S  and are available elsewhere. See footnote on page 909. 
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Fig. 6. Comparison of numerical results for different volume ratios 
in capacitance model with Np, = 1,OOO and dimensionless time 

't = 1.504. 

comes more important and more solute starts to diffuse 
into the stagnant liquid. The curves are no longer sym- 
metrical with respect to the pure convection solution as 
in the case of p = 1.0. 

At sufficiently large times, the solutiw become error 
functions as evidenced by their linearity on 

aphs in Figures 6 and 7. Again, one sees rom these 
Gures that at lower values of p, the solution becomes an 
error function faster. In other words, high capacitance 
systems require longer times before the behavior of the 
system can be described by the Taylor-Aris dispersion 
model. This result may have considerable significance re- 
garding the description of dispersion in porous media. 

It is known that for the Taylor problem (8) with high 
Npe and p = 1.0, the approximate analytical solution for 
the high T value range is given by 

probability 

C ,  = 0.5 erfc [ (' -","/2' ] (9) 
d 4 k t  

where 

In the present study it was deduced that for p > 1, Equa- 
tion (9) remains valid if u, + u0/p2 and a + pa, such 
that Equation (9) becomes 

C, = 0.5 erfc (11) 

Furthermore, Aris ( 4 )  has shown that the effective Taylor 
diffusion coefficient has to be corrected for the presence 
of stagnant pockets; thus one obtains 

where 
B=p2-1  (13) 

The result of significance here is the occurrence of p in 
Equation (11) in order for Equation (12) to be valid. 

It can be seen clearly from Equation (12) that for p = 
1.0, 8 = 0, and hence k reduces to the effective Taylor 
diffusion coefficient given by Equation (10). By trans- 
forming to dimensionless form, Equation (1 1) becomes 

C ,  = 0.5 erfc (14) 

( 1  + 
(15) 

Equations (11) and ( 1 4 )  show that the dispersion in 
Turner structures must be considered to take place in a 
tube of radius b rather than a; then Equation (12) is the 
proper expression for the dispersion coefficient. This sug- 
gests that for complex systems the entire void volume, in- 
cluding any stagnant regions, should be used in determin- 
ing flow parameters. 

~ .. 
DIMENSIONLESS AXIAL DISTANCE X/r--+ 

Fig. 7. Comparison of numerical results for different volume ratios 
in capacitance model with Npe = 1,OOO and dimensionless time 

z = 7.504. 
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TABLE 2. COMPARISON OF APPROXIMATE ANALYTICAL 
EXPRESSIONS FOR DIFFERENT VALUES OF p FOR 

HIGH PECLET NUMBER SYSTEMS 

Argument of error 
function in Equation ( 14) 

Value of T above which 
Equation ( 14) is valid P 

1.0 ( x;z&oo ) 0.8 

1.1 ( 1.25 

2.00 

4.00 

2.0 

' It was found that Equation (14) agrees extremely well 
with the numerical solution for all values of T above which 
the behavior is an error function. Thus Equation (14) is 
an approximate analytical solution to the original disper- 
sion equation for high T and N P , .  Table 2 shows a com- 
parison of the approximate analytical expressions for the 
five different p values and, more importantly, that the 

Fig. 8. Comparison of numerical results for capacitance model with 
Npe = 10 and p = 1.2. (a) Lower curves are for two different 
inlet conditions at T = 0.020. (bl Upper curve compares pure dif- 

fusion solution a t  T = 0.001 with numerical results. 
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C DIMENSIONLESS AXIAL DISTANCE X l r  

Fig. 9. Comparison of numerical results with Equation (18) for 
capacitance model with p = 1.2 and Np, = 10 for two different 

inlet conditions at dimensionless times T = 0.800 and 3.000. 

magnitudes of T, above which Equation (14) is valid, 
increase rapidly with p. 

The Low Peclet Number Region 

As the Peclet number decreases below N p ,  = 100, axial 
molecular diffusion becomes a significant transport mech- 
anism. The effect of axial molecular diffusion can be seen 
clearly in Figures 8 and 9, since the solute extends far 
beyond X / T  = 1.0. Again, as in the case of simple capil- 
laries, in all these cases it is obvious that the solutions ob- 
tained with step change and Danckwerts inlet conditions 
are different. 

At very low Peclet numbers a stage is reached when 
the dispersion in the main channel takes place essentially 
by pure diffusion only, as seen in Figure 8. As was done 
previously with Taylor-Aris diffusion (1 ) , it is possible 
to define the limits for the pure diffusion region in terms 
of T and Np,.' The limits for the pure diffusion region 
depend on the ratio of the convection to diffusion length, 
which is proportional to Npe& Hence, the dispersion 
occurs by pure diffusion only if the quantity N P e v G  is 
less than a certain value which was found to be approxi- 
mately 

< 0.4, p = 1.2 

<0.5, p = 1.0 

As in the case of high Peclet numbers the solutions be- 
come linear on probability plots for high T values. For 
case A, the higher N p ,  the smaller T must be for the solu- 

* The solution to the pure diffusion equation is given in the Appendix. 
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tions to become error functions, but in cases B and C it is 
interesting that the time required increases as N P e  is de- 
creased from 1,000 to 25, and then the trend is reversed 
as the 7 required is markedly less at lower Npe.  This is 
significant, since it shows that the range of applicability 
of the diffusion model depends on the inlet boundary 
condition. In particular, on the basis of a step change 
inlet condition one might mistakenly conclude that the 
dispersion model is completely impractical for very low 
NPe flows, because the dimensionless T required for it to 
apply can become so very large. With low values of Npe 
an approximate analytical solution can be found by using 
Asis’ modification for the inclusion of axial molecular dif- 
fusion. If p = 1.0, it is known (2) that the approximate 
solution is given as 

( X  - 7/2) 
47 (17)  [ 7/48 + Npea 

C ,  = 0.5 erfc 

By applying the same method used in getting a similar 
expression for high NPe, the following approximate ana- 
lytical solution is obtained for low Npe:  

C ,  = 0.5 erfc 

+- I V i v p e 2  J 
Figure 9 shows that the numerical solutions obtained cor- 
respond very well with Equation (18) for p > 1.0 as 7 

exceeds the minima given in Table 3. 
The most significant result given in Table 3 is that the 

time required in terms of 7 for Equation (18) to apply at 
low Npe  depends markedly on the nature of the inlet 
boundary conditions in addition to p and Npe .  Take N p e  
= 10 as an example, and it is seen that case A requires 
an elapsed time three or more times that of cases B and 
C. This obviously implies that dispersion experiments 
which employ aperiodic entrance conditions should be 
designed to simulate case B to reduce the time, and 
thereby the system length, necessary for the diffusion 
model to apply. 

I t  is worth noting that p appears in Equation (18);  
consequently, if one views the Tuiner system as being 
comparable to a simple capillary of radius b, but charac- 
terized by a dispersion coefficient which is increased by 
the existence of no flow regions, then the dispersion co- 
efficient is a / p 2  times that which it would be if pure 
Poiseuille flow existed throughout the entire system. This 
suggests that dispersions in complex systems, such as 
packed beds which exhibit capacitance effects, should be 
viewed as taking place in the entire void volume; that 
is, if the flow is laminar and, to a reasonable approxima- 
tion, is a function of the transverse coordinate only, then 
not only the dispersion coefficient but, on the basis of re- 
sults in the next section, also the local concentration dis- 

TABLE 3. CAPACITANCE MODEL 

p = 1.2; approximate T values above which: 
( i )  
( i i )  
(iii) 

solution follows Aris’ modification for case A 
solution for cases A, B, and C are same 
solution for case B follows Aris’ modification 

N P e  Tmin for ( i )  Tmin for ( i i )  smin for (iii) 

1,000 2.00 0.0 2.00 
25 2.75 0.75 2.75 
10 3.50 3.50 1.00 
1 >4.00 >4.00 - 

tribution can be calculated directly if the parameters 
which characterize the velocity distribution throughout 
the entire void volume are known. 

Analytical Solution for Local concentration Distribution 

In preceding sections analytical solutions for mean con- 
centration distributions, asymptotic in time, were dis- 
cussed and shown to be accurate, providing the magni- 
tude of 7 was sufficiently large. This section considers a 
more detailed description of the concentration field in 
terms of local values. By doing so one can codify and 
generalize the asymptotic results given previously and 
also show that this approach yields a remarkably simple 
and accurate detailed description of local transient be- 
havior in Turner structures. In the following treatment 
axial molecular diffusion is taken into account. 

As suggested by Taylor’s analysis for simple tubes, let 

where x1 = x - h t ,  and the first part of the problem is 
to find the function f ( ~ ) .  If to a good approximation 
(aC,/dxl)  is constant, then by substituting Equation 
(19) into Equation ( l ) ,  one gets 

1 d df u-urn= D -  - r -  
r dr dr 

where 

u = o  

Integrating Equation (20) twice, one obtains the fol- 
lowing expressions for f ( r )  : 

I o L r L a  
f : r )  = 

a’r‘b 

(22) 

1 

In order to evaluate f (0) , one has the condition 

s,” r f  ( r )  dr = 0 

and carrying out these integrations with the appropriate 
expressions given in Equation (22) for f ( T ) ,  we get 

With f ( T )  known, it now remains to determine C ,  and 
this is easily accomplished by multiplying Equation (1 )  
by r and then integrating with respect to r from 0 to b, 
which yields 

When one substitutes Equation (19) into Equation 
(25),  the result is 
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and from inspection of Equation (26) the dispersion co- 
efficient is clearly 

For Turner structures Equation (27) gives 

K l = D +  

1 8 - 7  (1 + 8) + 12 ( 1  + P )  In (1 + B) 
1920 ( 1  + P I 2  

(28) 

and if one notes that 

it is clear that a, as employed in Equation (18), would 
be equal to 

a =  

8 ( 1  + B )  + 12 (1 +8)2h (1 4-81 - 7  (1 +8)2  
( 1  + 8)2 

(29) 

This is exactly identical to the result obtained by Aris, 
who used the method of moments ( 5 ) .  If one expands 
the logarithm in Equation (29) and collects terms, the 
result is 

(30) 
1 + 68 + 11P2+ 4#F-p  + . . . 

f f =  
(1 + P I 2  

Clearly, the first three terms of the numerator of Equa- 
tion (30) are identical to Aris’ formula for rectangular 
pockets ( 4 ) .  These two results yield identical values for 
a if p = 1.0 and for the cases studied here, the rectilinear 
approximation [Equation (30) ] of annular type pockets 
[Equation (29)] differed by about 10% at p = 1.3. By 
substituting Equations (18), (22), and (24) into Equa- 
tion (19) and by transforming into dimensionless quanti- 
ties, the following expressions are obtained: 

, I  

for 0 6 y 4 1, and 

for 1 6 y I p, where 

a7 47 

48p2 N p e 2  
K = - + - =  

and C m  is given by Equation (18). 
In Figure 10 the numerical solution is compared with 

the solution obtained from Equations (31) and (32), and 
in two of the typical cases shown there is good agreement 
between the results. It was found that the solutions for 
local concentration distributions given by Equations (31) 
and (32) and those obtained numerically agree very well 
in all cases where 7 is sufficiently large for Equation (26) 
to be valid as given in Table 3. This is a remarkably sim- 

I \ *  I I 

0 f l  1.2 
0.4 0.5 0.8 a7 

DIMENSIONLESS CONCENTRATION C-+ 

Fig. 10. Comparison of numerical results with approximate analytical 
solution for local concentration distributions for capacitance model 
with p = 1.2 and N p e  equal 1,OOO and 25. Curve I: Npe = 
25, t = 5.0, X = 1.735, = numerical solution, - = 
solution from Equations (311, (321, and (33). Curve II: Npe = 
1,000, t = 2.00, X = 0.69. 0 = numerical solution. - = 
solution from Equations (311, (321, and (33). Curve 111: Npe = 
1,000, dimensionless time t = 0.800, axial distance X = 0.2775. 

= numerical solution. - = solution from Equations (31), 
(32). and (33). 

ple result and it is important because it suggests that local 
as well as average behavior of complex systems can be 
described accurately by the dispersion model if only the 
local velocity distribution is known. 

In order for longitudinal molecular diffusion in the main 
channel to be negligible, it is necessary that D << 

b2um2 

D 
a- , which yields 

and with p = 1.2 this yields N p e  >> 10, whereas for p 
= 1 the requirement was N p c  >> 13.8. Thus, as the dead 
space to channel volume ratio increases, the Peclet num- 
ber below which axial molecular diffusion is important 
decreases. This occurs because the existence of stagnant 
pockets enhances axial dispersion, resulting from axial 
convection and radial diffusion relative to axial molecular 
diffusion. 

CONCLUSIONS 

1. The effect of inlet boundary conditions on the transi- 
ent approach to the asymptotic Taylor-Aris theory was 
studied for three different cases. I t  was found that for 
values of T of practical interest solutions were different 
for these cases only if N p e  < 100. The solution was in- 
dependent of inlet conditions once 7 exceeded the neces- 
sary minima given in Table 1. In the low Peclet number 
region the Taylor-Aris model was found to apply for sig- 
nificantly greater ranges of 7 for case B than for the step 
change inlet condition, case A. 

2. Higher capacitance systems require significantly 
longer dimensionless times before their dispersion behav- 
ior can be described by error functions. This is important 
since only then is the concept of an equivalent axial dis- 
persion coefficient really useful because it allows the cal- 
culation of the complete avera e concentration distribu- 

tance systems, such as packed beds, should be carried out 
tion from a minimum of data. T ii us, work on high capaci- 
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in systems of sufficient length for the asymptotic theory 
to apply. T = dimensionless time Dt/a2 

3. Numerical results for the Turner model agree very 
well with the modified effective dispersion coefficient sug- 
gested by and given in Equation ( I5) ,  as long as ' 
is sficiently large. In the low Npc range, inlet boundary 
conditions marked1 effect the time necessary for the ana- 
lytical solution to ge valid and in case B, Equation (18) 
is found to hold for much greater T ranges than it does in 

7l 

p 
71 = axial coordinate XNpe/2di  
B 

= dimensionless axial coordinate X/v/; 

= ratio of radii b/a 

= total volume of stagnant pocket per unit volume 
of channel (p2  - 1 )  

LITERATURE CITED 
case A. 

4. Rather complete numerical solutions to the equation 
describing laminar dispersion in Turner structures with 
continuous stagnant pockets of arbitrary depth have been 
obtained, and results for point, average, and bulk con- 
centration distributions are presented for a wide range of 
parameters. The range of results covered is extended to 
essentially all values of T and Npe by Equations (31)  and 
( 3 2 ) ,  which were developed in the present study. 

When the lower limits of r given in Table 3 are ex- 
ceeded, Equations (31)  and (32)  are valid for all values 
of N p e ,  since it is not necessary to assume that axial mo- 
lecular diffusion is negligible. This suggests that expres- 
sions which describe the detailed local behavior of com- 
plex laminar systems can be determined in a remarkably 
simple fashion if the velocity distribution throughout the 
entire system can be approximated reasonably well by a 
function of the transverse coordinate only. It would seem 
that this aspect of the present work should be investigated 
further for systems of more general geometry and multi- 
ple streams of different physical properties. 
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NOTATON 

a 
b 
C+ 
C+, 
C 
C, ... 
Cbulk 
D 
i 

k 
K 
M 
N 
n 
NPe 
r 
t 
4 Y )  
uo 
u, 
X 
X 
x1 

i 

= radius of main channel 
= radius of whole tube including stagnant pocket 
= concentration of solute at  x = 0 
= concentration of solute at x = - CG 
= dimensionless concentration C +/C + 

= dimensionless average concentration, C +,/C + 

= dimensionless bulk concentration 
= molecular diffusion coefficient 
= subscript denoting the interval in the 7 direction 
= subscript denoting the interval in the y direction 
= effective axial diffusivity 
= (ar/48p2) + (47/Npe2), see Equation (32)  
= total number of intervals in 7 direction 
= total number of intervals in y direction 
= subscript denoting interval in the 
= Peclet number, au,/D 
= radial distance 
= time 
= velocity in axial direction 
= maximum velocity at center of the tube 
= average velocity ( u,/2) (a /b )  2 

= axial distance along the tube 
= dimensionless axial coordinate ( Dx/a2 u,) 
= axial distance relative to axes which move with 

= dimensionless radial coordinate r /a  

direction 

mean flow; x - 1/2 u,t 

Greek Letters 
CY = ratio of dispersion coefficient in Turner model to 

that in tube 
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APPENDIX 

At sufficiently small values of Npe the dispersion equation 
with no convection describes the capacitance model. On averag- 
ing the equation, the y dependent terms vanish and the re- 
sulting equation is 

( A l )  
aCm 1 a2Cm 

a t  Npe2  ax2 
One must consider Equation ( A l )  together with initial condi- 
tions given by 

-- _-- 

(A2) I C,( 0, X) = 0 

C m ( T ,  0 )  = f ( t )  

where f ( t )  is some function of t which is unknown as yet. 
From the numerical results obtained for case A and p = 1.2, 
an approximate expression for f ( t ) ,  valid for t values 6 0.5, 
was found to be given by 

f (  z )  = 0.555 v'; + 0.632 (A31 

By using this function and by applying Duhamel's theorem, the 
solution to the pure digusion equation is obtained as 

where 11 = XNpe/2 4;. It is clearly seen that Equation (A4) 
satisfies Equation (A1 ) and the initial and boundary conditions 
given by Equation (A2).  

The limits for the pure diffusion region depend on the ratio 
of the convection to the diffusion length which is proportional 
to Npev'T Hence the dispersion occurs essentially by pure 
diffusion if the quantity Np, d y  is less than a certain value A. 
This value of A was determined by plotting NP, vs. the value 
of t below which the pure diffusion solution holds to within 
about 2% or less, It was found that this plot is linear on 
logarithmic scales and from the slope and the intercept, the 
value of A is found to be approximately equal to 0.4. Hence 
the requirement for the pure diffusion Equation (A4) to hold 
can be written as 

N p . 4 ;  < 0.4 (A51 
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